
398 IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES Ocfober

Some measurements were made at a mixer tempera-

ture of approximately – 125”C, where the optimum

operating conditions were determined to be: dc bias

current 0.4 ma, total current 1.8 ma, at which improve-

ments of 0.4 db in F. compared to room temperature

values were observed.

E. Dependence of Crystal PaYarnetevs on RF CircuitYy

Using a mixer crystal mount of different design, some

of the measurements made previously were repeated.

These measurements, which were made first at room

temperature, and later at – 196”C, showed that the

over-all receiver noise factor was approximately 0.7 db

lower at all temperatures than the values obtained with

first crystal mount, owing, apparently, to superior

performance of the new crystal mount. There was, how-

ever, no change in the previously determined variations

of crystal parameters with temperature. Thus it may

be concluded that the failure to observe significant im-

provements in crystal sensitivity was not due to the

performance of the particular crystal mount used.

V. EFFECT OF TEMPERATURE CYCLING ON THE

CRYSTAL PACKAGE

Seventeen 1N263 crystals were used in the tests, not

all of them continuously. Of this number, two were

ruined by the temperature cycling; i.e., the noise factors

became unusably high. The remainder exhibited little

change in electrical properties, although small cracks

appeared in the glass at the glass-to-metal seal on two

of the crystals. This may cause eventual failure of these

units.

VI. CONCLUSIONS

The following conclusions have been reached con-

cerning the operation of 1 NT263 crystals in an X-band

mixer:

1) No improvement can be made in crystal noise

factor by operating the mixer at liquid nitrogen tempera-

tures.

2) A small improvement in crystal noise factor may

be possible by operating the mixer at some temperature

intermediate between — 196°C and room temperature,

The improvement is of the order of 0.3 to 0.6 db, with

the minimum value of the crystal noise factor occurring

in the region between – I()()”c and – 50”C, the exact

value depending on the individual crystal, as well as on

bias and local oscillator drive.

The failure to obtain significant improvement by

mixer cooling is due to an increase in the noise tempera-

ture ratio of the crystal as the temperature is lowered.

This suggests that flicker noise may be appreciable

at 30 mc for germanium as well as for silicon mixer crys-

tals6 and furthermore that this excess noise is tempera-

ture dependent.

The Multiple Branch Waveguide Coupler*
JOHN

5’ummary-A multiple branch directional coupler is discussed for
rectangular waveguide applications for series junctions. A design

method is developed which is valid for any coupliig ratio and any
number of branch lines with perfect match and directivity. The fre-
quency response of this type coupler is calculated with the aid of a
digital computer.

INTRODUCTION

T

HE multiple branch waveguide directional cou-

pler has been found to be a useful type of coupler,

especially for rather tight ratios such as from zero

to fifteen decibels. This paper describes the design of

such a coupler and the calculation of its frequency re-

sponse. The coupler is particularly desirable since the

design constants are readily found and its frequency

response can be calculated.

Fig. I shows a typical coupler with five branches. The

* Manuscript received by the PGMTT, March 3, 1958; revised
manuscript received, July 7, 1958.

I Raytheon Mfg. Co., Wayland, Mass
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three center connecting branch lines are made of wave-

guide of the same width as the main line but of reduced

height c. The height of the two end branches is a dif-

ferent value a but the width is the same as the main

line. The a and c values are normalized to the height

of the main line as unity, The spacing between the

center lines of adjacent branch lines is assumed to be

identical and the length of all these branch lines is

assumed to be the same. At first, each of these two dis-

tances will be considered to be a quarter wavelength,

but for considering the frequency dependence of the

coupler this restriction will be dropped. The junction

effects will be disregarded, that is to say, the junctions

will be regarded as pure series junctions. 1 This is strictly

valid only for the case that a and c are very small, but

for a first approximation it is quite valuable.

1 C. G. Montgomery, R. H. Dicke, and E. M. Purcell, “Principles
of Microwave Circuits, ” McGraw-Hill Book Co., Inc., New York,
N. Y., p. 288; 1948.
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Fig. l—Typical coupler with five branches.
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Fig. 2—Even and odd modes.

SYMMETRY ANALYSIS

A signal of amplitude equal to one is applied to arm

(1) clf the network of Fig. 2. This figure represents a

cross section of one branch of the coupler in Fig. 1.

To determine the vector amplitudes out the other arms

assuming matched terminations, use is made of the even
and <Odd mode concept.2–4 In Fig. 2, if two coherent sig-

nals, each of amplitude $ and in phase, are applied at

arms (1) and (4) a voltage null will occur at every point

on the plane of symmetry. This will be denoted as an

even mode. Likewise, if two coherent waves, each of

amplitude ~ and out of phase with each other, are ap-

plied at arms (1) and (4) there will be a voltage maxi-

mum and current null at every point on the plane of

symmetry. This will be denoted as an odd mode. In

each case the symmetry of the modes will not be dis-

turbed on passing through the network. It will be

assumed that the transmitted amplitudes T,/2 and

TO/2, and the reflected amplitudes I’J2 and I’0/2 for the

even and odd modes, can be calculated. The sum of these

two modes properly phased is equal to a wave of ampli-

tude 1 in arm (1) and O in arm (4) incident on the sys-

tem. The amplitude out arm (2) will be the sum of the

transmitted amplitudes for the even and odd modes,

and the amplitude out arm (3) will be the difference

of these transmitted amplitudes. Likewise, the ampli-

tudes out arms (1) and (4) are the sum and difference

of the reflected amplitudes. Putting this in symbols we

have

AL = r.J2 + ro/2 A, = T./2 i- TO/2

A4 = rJ2 – ro/2 A3 = T,/2 – To/2. (1)

T]lus the analysis of the directional coupler of the type

shown in Fig. 1 can be performed in terms of the results

z B. A. Lippmann, “Theory of Directional Couplers, ” Mass. Inst.
Tech., Cambridge, Mass., Rad. Lab. Rep. No. 860; December 28,
1945.

3 J. Reed and G. J. Wheeler, “A method of analysis of symmetrical
four-port networks, ” IRE TRANS. ON MICROWAVE THEORY AND
TECHNIQUES, vol. MTT-4, pp. 246–252; October, 1956.

4 L, Young, “Branch guide couplers, ” Pttoc. Natl. Electronics
Conf,, VO1. 12, pp. 723-732; 1956.
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Fig. 3—Three branch coupler.

for two two-terminal-pair networks. The ABC.D ma-

trices of the network are determined for both the even

and odd mode, and from these matrices the reflected and

transmitted amplitudes can be found. Jn this paper the

networks, such as Fig. 1, give rise to matrices of Iossless

two-terminal-pair circuits so that the A and D terms

are pure real quantities while the B and C are pure

imaginary quantities. The values of the reflected and

transmitted amplitudes of each mode are given in. terms

of the elements of the AB CD matrix by

A+ B–C– D 1
r/2 = T/2 = —

2( A+ B+ C+D)
-. (2)

A+ B+ C+.D

The quantities T and I’ are the elements SIZ ancl .SI1 of

the scattering matrix for a two-port network.5

DESIGN AT BAND C~NTIZR

For the first application of the above method, con-

sider a three branch coupler shown in Fig. 3. The three

connecting branch lines are assumed to be a quarter

wavelength long, the center line is of height c relative

to the main line, and the two end branch lines are of

height a. The branch lines are spaced a quarter wave-

length apart on uniform height lines. The matrix for the

even mode is

“=[23[; :1[:m’ :1[:’2
-[

— a(— c) — 1 – j(a’(– 6) 3- 2a)
—

1+’(– C) – u(- C] -. I o

This matrix is the product of five matrices; the first,

third, and fifth being those of short circuited wave-

guide stubs an eighth wavelength long and of char-

acteristic impedances a, c, and a respectively. The second

and fourth are of quarter wavelength lines of char-

acteristic impedance unity. The matrix for the odd

mode will be similar except that open circuited eighth

wavelength stubs are imagined. The matrix product

is found quickly by replacing a and c by — a and — c.

[

at—l
M., =

– j(azc –- 2a)

+ y-c ac — 1 1
For perfect match and directivity, there must be no

reflection of either the even or odd mode. For these

6 H. M. Altschuler and W. K, Kahn, “Nclnreciprocal two-ports
represented by modified Wheeler networks, ” 1lLE TRANS. o N MICRO-
WAVE THEORY AND TECHNIQUES, vol. MTT-4, pp. 22 8–233; October,
1956.
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matrices this condition is achieved by setting the B

term equal to the C term since the A term is already

equal to the D term. Once the value of c is chosen, there

are two possible values of a to be found from equating

the B and C terms of the matrices. The smaller of these

should be chosen to reduce junction effects and increase

bandwidth.

I–dl–cz
~=

c

The matrices for the three branch couplers, when this

relationship of a to c is chosen, can be written in terms

of an angle O as

[

cos 0 j sin $
Me, =

1 [

Cos !4 –j sin O
ayd JWOS=

j sin O cos O –j sin O Cos o 1

and so .42 = cos 6?and As =j sin 0. Thus when this cou-

pler is matched and perfectly directive, the voltage

amplitude out arm (2) is equal to the magnitude of the

.4 term of the lf.r matrix, while the amplitude out arm

(3) is equal to the magnitude of the C term.

For a four element coupler (see Fig. 4) a similar

procedure may be followed.

M-,, =
[

–a(c~–1)–(–c) –j(a’(c’-l) +2a(-c)+l)

j(c’–l) –u(c~–1)–(–c) 1

As before, the matrix for the odd mode may be found

by putting –a and –c for a and c. The amplitude out

arm (3), when the proper relationship of a to c is chosen,

is now equal to the A term in the matrix, and the ampli-

tude out arm (2) is equal to the C term. This is true for

all of this class of couplers with an even number of

branches while the former case of power division is true

for all couplers with an odd number of branch arms.

For a five branch coupler such as shown in Fig. 1 the

matrix is

Fig,. 4—Four branch coupler schematic.

SO(– c) = + 1

S,(– c) = – c

S,(– c) = c’ – 1

S3(– c) = – C3 + 2C

S,(– c) = c’ – 3C’ + 1

S5(– c) = – C5 +4C3 – 3C

.$(– c) = Ce – 5c~ + 6C2 – 1

S,,+,(– c) = – csn(– c) – sn_,(– c)

S,l (2*) = u.(x)

The values of S.(x) are available to twelve decimal

places for x ranging from O to 2 in steps of 0.001 and

for integral values of n from 2 to 12.

In order to design a matched and perfectly directive

coupler of given coupling ratio the value of c, the rela-

tive height of the center n waveguide branches, is to be

calculated. To do this the number of branches n + 2 is

chosen and the voltage amplitudes out arms (2) and

(3) for unity amplitude into arm (1) determined. For an

even number of branches .5’.( — c), the magnitude of the

C term in the .Wen+z matrix, is set equal to .I, and the

value of c computed. If the number of branches is odd,

the value of S.( – c) is set equal to A3, and c is calculated.

The value of a which will then give a matched and per-

fectly directive coupler is

J/f,, =
[

—a(—c3 + 2c) — (c! — 1) –j(a’(–c3 + 2c) + 2a(cz – 1) – c)

j(– C3 + 2C) 1—a(—d + 2c) – (cz — 1) “

For the general case of n +2 branches, with each This equation is found from the general matrix above

branch a quarter wavelength long and spaced a quarter by equating the sum of the squares of the .4 term and

wavelength away from adjacent branches on uniform the C term in the matrix to unity. The magnitude signs

height waveguide, the matrix can be found. If the are used in this equation to make sure that the smaller of

center n branches all have the same impedance c, and the two possible values of a is used.

the two end branches have the impedance a, the even For example an 8.5 decibel coupler was desired with

mode matrix is six branches. The amplitudes Az and .4a are therefore

Me{,.t2) =
[

— as)t(—c) — S,L–l(— C) –j(a2S,t(–c) + 2aS,,_l(–c) + S,,- L(–c))

+“jsn( – c) 1“
(3)

—as,, (—c) — s,,_l(—c)

The elements .Sn( – c) are Chebyshev polynomials in GTabks of Chebyshev Polynomials 5’.(x) and C,,(x), N’ational
Bureau of Standards Applied Mathematics Series Nlo. 9, United

c and the first few have the following values. States Go~-ernment Printing Office, Washington 25, D. C., 1952.
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TABLE I

EXAMPLES OF O, 3, AND 1O-DB COUPLERS

O-db

1

3-db Hybrid
Coupler Even Split I 10-db Couplet

I I

a c a c a c

1.000” 1.000” 0.4141 0.7071 0.162 0.3162
0.500* 1.000” 0.2346% 0.5412* 0.0945 0.2265
0.618 0.618 0.2088 0.3810 0.0811 0.1602
0.309 0.618 0.1464” 0.3179” 0.0592 0.1312
0.445 0.445 I 0.1374 0.2583

0.1205

0.445 0.1064 0.2257
0.3473 0.1022 0.1948
0.3743 0.0837 0.1752
0.2846”
0.2846’
0.2410
0.2410 0.0587” 0.12104

0.1365 0.1365
0.0682” 0.1365”

* Frequency response curves given.

Q --4 *+ --+ --+ -4 ‘- -- - to1 2
L L L L L L L

P a c c c c c c aP

d
4

Fig. 5—General coupler schematic.

respectively in magnitude 0.926686 and 0.375837. On

~ettir,g .S4( —c) equal to 0.926686 the value of G is found

to be 0.156972. Then the value of a is found to be

0.070964. The values of a and c are made to be the

heights of the branches with respect to that of the main

and auxiliary waveguides. A tabulation of values of a

and c for couplers of O decibels coupling [complete

transfer of power from arm (1) to arm (3)], 3 decibels

[even split of power between arms (2) and (3)], and

10 decibels [power out arm (3) is 10 decibels below the

incident], is given in Table I.

FREQUENCY SENSITIVITY

To determine the frequency response of this type of

coupler, we assume that the junction effects do not

change with frequency. That is to say, the junctions

are regarded as series junctions with reference planes

chosen so that the phase between them varies as does the

phase in an equivalent piece of uniform waveguide. A

schematic diagram of the coupler is shown in Fig. 5.

The coupler is considered as a cascade of series

branches each of a length P and spaced along a uniform

waveguide a distance L from the next. The impedances

of the branches are chosen to be c for the center n

branches and a for the two end branches. The basic

matrices for the components of this array are as follows.

Even mode stub at ends Even mode stub at center

1 jag

[1

1 jcg

01 [1 01

g = ta~T’E Ag = guide wavelength.

““,
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Fig. 6—Zero decibel couplers of 3, 4, 11, 12, and 24 bran~hes.

Length L/2 of unity impedance waveguide

TL
t = tall y–

a

Note that when L = I’ =h,,/4 then t= g = 1.

The even mode matrix for the coupler above is there-

fore

1

[

1 – tga j(t + ag)
Me(n+2) = ——–

l+t’ jt 1 1

x

-1 – t’ – tcg j(2t + Cg) -

l+t’ l+t’

j(2t – t%g) 1 – tz--tcg

l+t’,- I+tz .
(.5)

[

1 j(t + ag) -

x
j-t 1l–tga “

The first matrix is that of an end even mode stub

followed by a length L/2 of line. The second matrix is

that of a length of 1ine followed by a center even mode

stub followed by a length of line. The third matrix

is that of a length of line followed by an end even mode
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Fig. 7—Three decibel couplers 4, 6, and 14 branches.

stub. The quantity 1/ {I +t2 is factored out of both

the first and third matrix. The matrix product is that of

the first matrix times the second matrix raised to the

nth power where n is the number of center elements

times the third matrix. From this matrix product, given

t, g, a, c, and n, the quantities I’,/2 and TO/2 can be

computed. The matrix for the odd mode is formed by

substituting – I/g for g everywhere in the even mode

matrix. From this I’o/2 and To/2 can be calculated.

Thus the amplitudes out each arm can be found.

This computation was programmed for an IBM 650

digital computer. The quantities a, C, n, .P/&o, and

L/gO (where Ago is the design guide wavelength) are the

data fed into the computer. The ouput is the voltage

standing-wave ratio to be expected in arm (1) and the

power out arms (2), (3), and (4), expressed in decibels

below incident power in arm (1), assuming matched

loads in arms (2), (3), and (4). In a single run, the values

of a, c, and n are kept constant but the values of t and

g must be computed over again for each value of X,O/Xo.

For a given set of input data the program was ar-

ranged so that thirty values of &o/h~ would be chosen.

The limits on them and distance between them can be

varied as desired.

85 DB COUPLER 6 BRANCHES o= 071 c= 157
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Fig. 8—8.5-db coupler of six branches (see example in text)

The time required to perform the calculation for each

value of &@~ varied from about 4 seconds for a value

of n equal to 1, to about 11 seconds for n equal to 22.

In raising the center matrix to the nth power ordinary

matrix multiplication was used to retain flexibility. If a

lot of work for very high values of n were to be done,

the program could be modified to reduce computer

time.

Some calculated results are shown in the next few

figures. Fig. 6 shows results to be expected for zero

decibel couplers [complete transfer of power from arm

(1) to arm (3) at the design frequency]. These plots show

the power loss in decibels going from arm (1) to arm

(3) as a function of X,O/Au. This abscissa would be j/~0 if

the couplers were made of coaxial lines and a and c

the characteristic admittances. For this graph the

lengths of line L and P are a quarter wavelength at

midband so the response will be arithmetically sym-

metrical about the value of X~O/& = 1. That is to say,

for example, the insertion loss from the input at arm (1)

to the output at any arm will be the same at a value of

l@Q = 1.20 as it would be for &O/AQ = 0.80. Therefore

only one side of the curves need be plotted. The curves

shown are for couplers of 3, 4, 11, 12, and 24 branches
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—.and c as shown in Table I. The

arm coupler agree with those al-
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Fig. 7 shows the results calculated for branch guide

hybrids which give even power split. In this graph the

power out arms (2), (3), and (4), expressed in decibels

below incident power, is plotted as a function of hgO/AQ.

The input VSWR to be expected looklng into arm (1) is

also p] otted. These curves are for couplers of 4, 6, and

14 branches with the values of a and c given in Table 1.

Fig. 8 shows the results calculated for the 8.5-db

coupler discussed earlier as an example. Fig. 9 shows

the results to be expected if the length of the branch

guides is reduced to 0.22 A,O while the dist ante be-

tween them is maintained at 0.25 A~o and all factors

remain the same as in Fig. 8. The curves, of course,

will not be symmetrical about the A~o/X~ = 1 value.

In the practical application of the above calculations

it is seen that the longer the coupler is the broader the

band that can result. As the sizes of the coupling slots

decrease in size the discontinuity effects get less and

less so that the performance approaches the theoretical

value closer and closer. Thus the effect of more slots

and lclnger length is doubly beneficial. The theoretical

performance becomes better and the actual performance

approaches the theoretical.
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Coupled-Transmission~Line Directional Coupllers*

J. K. SH MIZU~ AND E. M. T. JONES~

while the second type has the same variation over a 4.5:1. band.

Theoretically both types should have intilte dlrectivity at all fre-

quencies. The experimental results for models c~f these directional

couplers have been found to conform verv closelv to the theoretical

Summarg-Formulas are presented for the desif

transmission-line dh-ectional couplers that are rigorous for any value

of coupling. Two basic types are treated in detail; the simplest is one-

quarter wavelength long at the center of its frequency band, while the

other is three-quarter wavelength long. The quarter-wavelength

type can be used over an octave of frequencies with approximately

constant coupling, while the three-quarter-wavelength type can be

used equally well over more than two octaves. For example, a —3-db

coupler of the first type has a variation of t 0.3 db over a 2:1 band,

I of coupled-

.
coupling functions, while the directivit y, although usually good, is
limited by discontinuity effects and constructional tolerances.

INTRODUCTION

s

12VlZRAL investigators have recently pointed

that coupled transmission lines can be made

directional couplers having excellent wide-band

performance, with infinite directivity and constant in-

put impedance theoretically available at all frequencies

out

into* Manuscript received by the PGMTT, March 4, 1958; revised
manuscript received, May 20, 1958. The work reported in this paper
was supported jointly by the Signal Corps under Contract DA 36-
039 SC-63232 and by the Air Force Cambridge Res. Ctr. under
Contract AF 19(604)-1571.

t Stanford Res. Inst., Menlo Park, Calif.


